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In engineering and physical sciences, solitons and nonlinear evolution equations are of current
interest. To the generalized reaction Duffing model, we report several families of exact solitonic
solutions, including shock waves and bell-shaped waves. Some of the observable solitonic features
are pictured out.
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In many fields of engineering and physical sciwhereFE,,(t), F,.(t), a(t) # 0 andjs(¢t) are all differ-
ences, solitons and nonlinear evolution equations areatiable functions. The-linear form and the like are
major subject. The generalized reaction Duffing equanly for the purpose of the easier work.
tion Since the underlying mechanism for the solitonic
features to occur is that different effects that act to
change wave forms, i. e., dispersion, dissipation, and

covers such famous ones as the Klein-Gordon, LaRonlinearity, either separately or in various combina-
dau-Ginzburg-Higgs and* equations [1 - 3], where tions, are .able to _exactly balance out, we are able
a, b, c andd are all constants. Several solitary-wavé0 determine the integers/ and N via the bal-
and periodic solutions of (1) have recently been ré@nce of the highest-order contributions in (1): (i) The
ported in [4]. Topics on the Duffing equation in mehlghest;order contributions Zfrom_c_m are among
chanical engineering can be seen, e.g., in [5] an@nh” ™% and Seclf Tanh**?%; (i) The highest-
references therein. order contributions from? are among Tanl' ¥ and

In this paper, we investigate (1) for its solitonicSech¥ Tani"*2; (iii) Other terms do not contribute
features by considering the general case0,d # 0. SO highly. Balancing the contributions mentioned in

By virtue of the generalized hyperbolic-functionitems (i) and (i), we get

method [6] we assume that the exact solutions of
(1) be [6] M=1 and N =0.

U + A Upy Fou+cu?+du®=0 (1)

Therefore we have

M
) = 2 B ) TaniT Lot + 00 u(e, 1) = Bo(t) + F(t) - Tanhlz a(t) + (1))
al + Fo(t) - Sechfr a(t) + 5(1)] 3)
+ > F,(t) - Sechlr aft) + 3(t)] 2)
n=0 with at least F1(t) or Fy(t) beingnon-zero, thus giving
rise to three possibilities as follows:
- TanH' [z a(t) + 5()],
Casel - Family I: Fo =0 but £; # 0.
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We substitute Ansatz (3) into (1) with computerin order to make the expected solutions meaningful.
ized symbolic computation, equating to zero the cdNext we get
efficients of like powers of Tan#i andz, so that

2 . ’ - - 2
2?Tant¥: o/(t) = 0 ora = real constant (4 24 B3/t
(t) @ rane: By = ,g\/ _Z[M} k=41, (6)
where the prime represents derivative with respect to d
t, so that we must have

24 2
w?+ J0°

A'(t) 70 (5) with : (7)
12
TanH¥: Eo(t) = : 21 2]2 [ - ﬁaazdm\/wﬁ”(t) — 2a2a’c — 4aozzcﬁ'(t)2
6d |aa?+[3(t)
12
- 280 - sfzdw'(t)v o ©

Inequality 7 ensures thdt, (¢) be real. From the coefficients of the terms of Tankve get

6a2a* (¢ + 8aa’d — 3bd) B'(t)" + 2 (P + 24aa’d — 3bd) B'(t)° — 643" (t)° 5" () — 6a’a*dB'(t)5" (t)

+12453'(1)% + a2a® [2aa2 (c + 6aa’d — 3bd) — Sdﬂ”(t)z] +35' (1) [2aa2 (2 + 12a02d — 3bd) + 3dﬁ”(t)2]
— 1200d3'(1)°8" (1) = O, (©)

and from the coefficients of the terms of TA#thwe see that

324v/2dk3'(£)"°B" (t) — 162v/2a3a8dk 3! (1) 3" ()3 (t) — 162V/2a2a*dk B (1)° 3" (£)8" (1)

+162/2a02dr3 (1)°5" (13" () + 162V 2dk 3 (1) 3" (1) 3" (1)

112
+ 2ﬂ’(t)8{2c (—2c2 + 9bd) \/—“a“%(t) +9v2 (¢? + 78aa®d — 3bd) k3" (t) — 27\@5&5""@)}

+ ﬂ'(t)6{12\/§aa2 (5¢ + 19810%d — 15bd) k3" (t) — 81v/2dk 3" (1)’

/ 2
+ 4aa’ |:4C (—2c2 +9bd) —WT/B@) — 45\/§d/€,3””(t)] }

+ aza“ﬁ'(t)z{e,eﬁaaz ( + 21a02d — 3bd) k3" (1) + 333/2dk3"(1)°

[ (2
+ 4aa? [4(1 (—2c? + 9bd) —aaz-'-%(t) - 27\/§dﬁﬂ""(t)} }

+ 3aa2ﬁ'(t)4{24fzaa2 (2 +27a02d — 3bd) k" (t) + 9N 2dk 3" (1)°
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[ L2
+ 8aa? {c (—2c? + 9bd) _aaz-i-%(t) - 9\/§dﬁﬂ””(t)] }

+ a3a6{6\/§aa2 (c? + 18aa’d — 3bd) k3" (t) — 53v2dk3" (1)

/ 12
+ 2a0° [2(: (—2c? + 9bd) _aaz-i-%(t) - 9\/§dﬁﬂ””(t)] } =0. (10)

This way we have founthe first family of exact analytic solutions of (1), which sslitonic, as follows:

Y
(e, ) = Ky 0B e + ()] 1 . {2@ﬂ’(i)4
d 6d[aa? + 3'(1)?]
1(+)2 1(\2
+ aa? {Zaazc +dry| —2aa2++(t)ﬂ”(t)] + ﬂ'(t)2 {4@(120 + 3dr\ | —2aa2++(t)ﬂ”(t)} }, (11)

which needs to satisfy 4 constraints, i. e.,

Hence, we obtain thEamily I-(a) solitary-wave so-
Inequality (5) Iutions of (1),
Inequality (7)

825). u(z,t) = ﬁ\/nganh<w+o\ /g - aa2t+ax> 17)

In fact, there are 2 classes in this family, for £1.  with the following constraints:

Samples of Family | 9 <0,¢=0 and b — 2aa? > 0.

Solitary waves can be chosen as the samples to rep- _ _ _
resent this family, with the travelling-wave assumpl here are 4 classes in Family I-(a), since +1 and

tion o = +1 independently.
B(t) =w+t,

wherevy # 0 andw are real constants. Then,
(10): ¢ (2¢% — 9bd) =0, (12)

of which 2 cases can be separated:

Family I-(a): ¢=0.

(9): 2aa®—-b+2+°=0 (13)

or v=04/(b/2) — aa? (14)
with 0 = £1

b—2aa?>0 (15)

Fig. 1. Observable shock-wave surfade, t) for (17) with
(to makey real) c=-1,k=1,b=3,d=-2,a=-1,a=2,c=0and

Inequality (7): b/d < 0. (16) w=5.
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only the coefficients of like powers of Tasthandz,
but also of like powers of Sech:

2% Sechtw TanH¥: o/(t) = 0 ora = real (23)

constant, so that'(t) # 0,
u Secl¥ Tanf¥: E, = —é, (24)
Sechw Tant?w: ¢ (2¢2 — 9bd) = 0. (25)

In fact (25) leads to two families as follows:

Fig. 2. Observable shock-wave surfade, ) for (22), with 2y H-(@): ¢ =0.

c=1,c=1,rk=1,d=-2,a=-1,a=2,w =05, and
correspondinglyp = —=. Continue the work, and we get

Family I-(b): ¢ %0 andb = 2c2/9d. a? + (1)

Sech¥ Tanw: Fy=rk (/2 (26)
9): +180%d+18172=0  (18) ° d
2 1(4)\2
or v= U\/—aa2 —c?/(18d)  (19) with = +1 and—— 0 +d/3 @ o
with o = £1 ) .
18002+ 2/d < 0 (20) Sech¥ Tanh'y : [aa +33'(t) ] B't)=0  (27)
(to makey real) = [ =w+~t, wherey #0 and
Inequality (7): satisfied already (21) w are real constants.

Sech¥ TanP¥: v =ov/—aa?—b (28)

We thus get thé&amily I-(b) solitary-wave solutions with o = +1 andaa? + b < 0.

of (1)
We report theFamily 11-(a) solitary-wave solutions

of (1),
u(z,t) = E\/ < Tanh{ w + o/ —aa? — C—zt (22)
’ 3V a2 184
2b
u(z,t) = Ky / —FSeCh(w +ov —aa? —bt+ ozx)
c
+ ax) - =
3d (29)
with the constraints Wi

, [T
gt
i
sttt
]

22 2 2 il
b==_Z0and 18’ +— < 0. u
9d 7 d 1
0

There are 4 classes in Family I-(b), since +1 and
o = 1 independently. Family I-(b) is in line with
that reported in [4].

Casell: Fo#0 but £, =0 ) )
) ) ) Fig. 3. Observable bell-shaped solitary-wave surfgeet)
Into (1) we again substitute Ansatz (3) with symfor (29). The values of the parameters are the same as those

bolic computation, but this time we equate to zero ndt Fig. 1.



B. Tian and Y.-T. Gao - The Generalized Reaction Duffing Model 43

Fig. 4. Observable bell-shaped solitary-wave surigaet)

for (33). The values of the parameters are the same as th

in Fig. 2.

with the following constraints:

b 2

E<0’ ¢c=0 andaa“+b < 0.

There are 4 classes in this family, sinces £1 and
o = %1, respectively.

Family I1-(b): ¢#0 and b = 2¢2/9d.
This time we see that

aa?+ ()

d

aoz2+d/3’(t)2 >0

SechHw Tantfw: Fo=r1/2 (30)

withx = +1and

Sechw Tanh¥: 5 =w +~t, wherey 70
andw are real constants.

2
Sechw Tantw: ~ = 0\/% — an?

2
with o = +1 and% —aa?® > 0.

(32)

Therefore we end up with thieamily 11-(a) solitary-
wave solutions of (1):

2 2
w(x, t) = gw Zdiz Secl'<w +a1/ é —aa?t  (33)
+ ) ¢
ar | — =—
3d
2 2

_2c c 2
b—@707 and%—aa >O

with the constraints:

In fact, there are 4 classes in this family, simce +1

31) Sechw Tanf¥: E; = 3

ando = £1 respectively. Family II-(b) is in line with
that reported in [4].

Caselll: Fo#0 and E1 #0

Itwill be shown that in this case we have to consider
(1) in the complex field. Substituting Ansatz (3) into
(1) with symbolic computation, and we firstly meet

2% Sech¥ Tanify (34)

o'(t) = 0 or o = real constant

gf'gwever, further steps are so complicated that we
restrict ourselves to the simplest case (i.e., solitary
waves), with

f=w+t,

wherey # 0 andw are real constants. The reason to
make botha and 3 be real is to retain the solitonic
profile even with some complex coefficients involved.
Then

2002 + 2v2 + 3dE4?
Sech¥ Tanifw : F0=n\/ a Vd L (35)

with s = +1 and 2102 + 242 + 3dE;% 7 0.
Sech¥ Tanh¥ and Sech? TanHw
C
Fo=—— 36
0 3d7 ( )
E; = constant (37)
o [c2—3d(aa?+b++3)
d2
with o = +1 and¢? # 3d(aa? + b +~2). (38)
Sechw TantP@: ¢ (2¢% — 9bd) = 0. (39)

Hereby (39) again leads to two families as follows:
Family l1l-(a): ¢=0.

Both, the coefficients of Seb# Tank'w and of
Secl¥ Tanhv yield

v =eV2b— aa? with e = +1 and 2 > aa?.

and theFamily 111-(a) of exact solutions of (1) come
out as

u(x,t) = %\/g SecHw + eV 2b — ac?t + ax) (40)

+ ia\/gTanf‘(w +eV/2b — aa®t + ax)
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with the constraints in this family, sincex = +1,e¢ = +1 ando = +1
5 respectively. Family lll-(b) is in line with that reported
c=0and 2 > aa”. in [4].

This family behaves likesolitary waves but possesses Condusions and Discussions
acomplex coefficient. There are 8 classes in this fam-=

ily, sincer = +1,e = +1ando = £1, respectively. By virtue of the generalized hyperbolic-function

Family [11-(b): ¢# 0 andb = 2¢/9d. method and computerized symbolic computation, we

. have obtained certain exact analytic solutions of (1),
Now both the coefficients of Sebh Tant*¥ and  \yhich are all solitonic.

of Sectiw Tanh'¥ give rise to Some of the solitonic features have been pictured
out: Figs. 1 and 2 demonstrate the shock-wave struc-

v=ey/—aa? — 2¢ with e = +1 tures for (17) and (22), respectively, while Figs. 3 and
9d 4 illustrate the bell-shaped solitary waves in the sense
92 of (29) and (33), respectively. In all these figures, the
andao? + =— < 0, numerical values chosen for the free parameters are
9d purely for the picture drawing or qualitative analysis.
so that we figure out thieamily 111-(b) exact solutions In .reality, thg detajlec_l gpplicatipn of the solitonic
of (1) as solutions requires a judicious choice of those param-

eters, depending on each underlying physics mecha-

i [c2 202 nism under investigation.
u(z,t) = 3V Sect<w +e\/ —aa? — od t+ 0436) Finally, itis of special interest to note that the afore-

mentioned solitonic features apbservable with the

o [c2 , 2c? corresponding experiments.
+ 3 ﬁTanh<w + e/ —aa —gt+ax>
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